Abstract A simple deformation field associated with an exact torsion-like solution of the equilibrium equations of linear elasticity is shown to provide a good approximation of the deformation field in interior elements of a mesh that models pure torsion of a right cylindrical bar with rectangular cross-section. Using this solution, modified torsion coefficients are proposed for a 3-D brick Cosserat point element (CPE) which are shown to improve convergence properties for solutions of pure torsion.
model problems in nonlinear elasticity, including shells, plates and beams. In contrast with standard finite element methods the Cosserat approach treats the CPE as a structure whose response is characterized by a strain energy function. The constitutive coefficients in this strain energy function are determined by matching exact linear elastic solutions and no integration is needed over the element region.
In [11] the torsional constitutive coefficients for the CPE were determined by matching exact solutions for pure torsion of a rectangular parallelepiped. Since the strain and stress fields do not depend on the coordinate parallel to the torsion direction it is possible to use a mesh {n 1 × n 2 × 1} with only one element in the torsion direction. If n 1 = n 2 = 1 and the rectangular parallelepiped is modeled by a single element then the lateral surfaces of the element are traction free and the element responds to pure torsion. However, when the mesh is refined (with n 1 > 1 and n 2 > 1) then a typical interior element no longer experiences pure torsion since its lateral surfaces are subjected to nonzero tractions.
It will be shown in this paper that the displacement field of a simple exact torsion-like solution of the equations of isotropic linear elasticity is representative of the deformation field in a typical interior element in a refined mesh for pure torsion. Modified torsional coefficients of the CPE are proposed which capture this simple solution and significantly improve the convergence properties of the CPE for pure torsion, while retaining the other good properties of the CPE for bending dominated fields and large deformations.
An outline of this paper is as follows. Section 2 reviews the classical solution for pure bending and introduces an exact simple torsion-like solution which is representative of the state in an interior element and which forms the basis for the modified torsional coefficients of the CPE that are proposed in Sect. 3. Section 4 presents example problems of small deformation pure torsion of a bar with a rectangular cross-section and large deformation lateral torsional buckling of a cantilever beam. Then, conclusions are summarized in Sect. 5.
Summary of the exact pure torsion and torsion-like solutions
Here attention is limited to the simple case of an isotropic material and a bar which is a rectangular parallelepiped that is subjected to torsion. Specifically, the position vector X * of a material point in the reference configuration is expressed in terms of its components X i (i = 1, 2, 3) relative to fixed rectangular Cartesian base vectors e i and the bar occupies the region
where L i are lengths of the bar. For the exact linear solution of pure torsion of the bar the displacement field can be expressed in the form (e.g., [22] )
where ω i denote the constant twists per unit length in the e i directions, respectively, andφ * i are functions that control warping of the X i = constant cross-sections, respectively. The warping functionsφ * i are determined by satisfying equations of equilibrium (in the absence of body force) and boundary conditions on the lateral surfaces of the bar. Then, the exact solutions for the torsional stiffnesses B * i associated with pure torsional solutions are given by (e.g., [11, 22] ) in the forms
where T i is the torque caused by the twist ω i , µ * is the shear modulus and b * (ξ ) is a function defined by
where use is made of the fact that
and that the series in (4) converges faster than series for b * (1/ξ ) for ξ ≤ 1. For a numerical solution of the problem of pure torsion with only one torque T 3 applied in the e 3 direction, it is possible to consider an element mesh {n 1 × n 2 × 1} with n 1 elements in the e 1 direction, n 2 elements in the e 2 direction and only one element in the e 3 direction since there is no dependence of the strain and stress fields on the axial coordinate X 3 . Then, the lengths H i of these elements are given by
2.1 A simple exact torsion-like solution
As mentioned in the introduction, since the stress field for pure torsion associated with (2) varies over the cross-section, a typical element whose center is located by
is subjected to nonzero tractions on its lateral surfaces. Therefore, the displacement, strain and stress fields in a typical element associated the problem (2) cannot be locally approximated by pure torsion. Instead, the state in an interior element is more closely represented by a simpler exact torsion-like solution for which the displacement, strain and stress fields are specified by
where the constants i control the local warping fields. It can easily be seen that this stress field also satisfies the equations of equilibrium in the absence of body force. In the next section this simple torsion solution will be used to develop modified forms for the constitutive coefficients that control torsion in the CPE.
Relevant aspects of the CPE formulation
Recently, Nadler and Rubin [11] used the theory of a Cosserat point [14, 15, 17] to develop a new 3-D brick CPE for the numerical solution of problems in nonlinear elasticity. Within the context of this approach, the CPE is considered to be a
